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The so-called peel test, in which a thin plate bonded to a substrate is subjected to an inclined pulling force, has been
widely used to characterise the bond behaviour of adhesives. This paper presents an analytical solution for the interfacial
normal and shear stresses in such a peel test to provide an improved understanding of its underlying mechanism. An
approximate closed-form solution is also presented. The eﬀect of the peel angle (i.e. the angle between the applied force
and the substrate) on the interfacial stresses is discussed. Apart from being a widely used test for quantifying adhesive
characteristics, the process of debonding in a peel test resembles that of intermediate ﬂexural-shear or shear crack induced
debonding in ﬂexurally strengthened RC members, where a relative vertical displacement exists between the two sides of
the crack, leading to an angle between the external plate and the concrete substrate. Therefore, the results of this study
also oﬀer some insight into the latter failure mode which is very important in the ﬂexural strengthening design of RC
members.
 2006 Elsevier Ltd. All rights reserved.
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Many structures need strengthening all over the world for various reasons such as ageing, change of func-
tion and design and construction errors (Teng et al., 2002a, 2003a). Steel plates have been used since 1960s but
ﬁbre reinforced polymer (FRP) plates have gradually replaced steel plates over the last decade and are now
much more popular than steel plates because of their superior properties such as a high strength-to-density
ratio and excellent corrosion resistance. FRP plates have been used to strengthen not only reinforced concrete
(RC) but also metallic, masonry and timber structures. The success of the technique relies on the eﬀective0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.12.028
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through an adhesive layer. The bond behaviour between the plate and the substrate is thus of critical
importance.
Although the steel- or FRP-to-concrete bond behaviour is commonly studied using either single- or dou-
ble-shear pull tests (e.g. Roberts, 1989; Holzenka¨mpfer, 1994; Ta¨ljsten, 1996; Chajes et al., 1996; Brosens
and van Gemert, 1997; Neubauer and Rosta´sy, 1997; Triantaﬁllou, 1998; Kamiharaka et al., 1999; Ueda
et al., 1999; Bizindavyi and Neale, 1999; Lee et al., 1999; Chen and Teng, 2001; Chen et al., 2001; Yuan
et al., 2001; Wu et al., 2002; Yao et al., 2004; Yuan et al., 2004), the so-called ‘peel test’, which, in the pres-
ent context, involves the inclined pulling of an FRP plate bonded to a concrete block or a substrate of
another material to cause debonding (Fig. 1), has been used for a long time to characterise the bond behav-
iour of adhesives (Gent and Hamed, 1975; Nicholson, 1977; Thouless and Jensen, 1992; Karbhari and Engi-
neer, 1996; Kimpara et al., 1998). The ‘peel force’ required to peel the plate/sheet from the substrate is
measured in a peel test. Gent and Hamed (1975) discussed the relationship between the peel force and
the peel angle (i.e. the angle between the applied force and the substrate) through small deformation bend-
ing analysis of the bonded elastic plate. Nicholson (1977) extended this analysis to include the large defor-
mation eﬀect. In both studies, the substrate was treated as rigid and the interfacial shear stress was
neglected.
More recently, the relationship between the toughness of the interface and the peel force has been the sub-
ject of investigation using the energy approach (Thouless and Jensen, 1992; Karbhari and Engineer, 1996;
Kimpara et al., 1998). Thouless and Jensen (1992) used a linear elastic analysis to determine the phase angle
at the tip of an interface crack in the peel test. Karbhari and Engineer (1996) developed a peel test for inves-
tigating the bond behaviour between FRP and concrete and discussed diﬀerent mechanisms of interfacial frac-
ture. Kimpara et al. (1998) proposed a peel test method for FRP plates bonded to mortar and concrete to
characterise the peeling strength and to examine the eﬀects of diﬀerent surface treatments and primers. The
relationship between the deﬂection of the FRP plate, the debonded length (i.e. length of debonded zone)
and the debonding load was obtained from geometrical and equilibrium considerations of a thin elastic mem-
brane, from which the energy release rate due to peeling was found as a function of the deﬂection-to-debondedQ 
Q+dQ 
M M+dM 
N N+dN 
τ  
α  
σ
dx 
Internal forces and stresses 
Configuration of peel test 
P 
x 
y 
l A 
A Substrate 
Section A-A 
t a 
t p
 
b 
a
b c
Fig. 1. Peel test: geometry and notation.
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be determined.
This paper presents an analytical solution for the interfacial normal and shear stresses between the
plate and the substrate in such a peel test by treating the plate as an elastic beam resting on an elastic
foundation representing the adhesive layer which possesses both normal and shear rigidities, with the
substrate assumed to be rigid. A simpler closed-form solution is also presented. The former is referred
to as the ‘‘exact’’ solution and the later the ‘‘approximate’’ solution in the paper for convenience. A
parametric study is also presented to achieve a better understanding of the bond behaviour in a peel
test.
It may be noted that interfacial debonding is one of the major failure modes for FRP strengthened
RC structures (Teng et al., 2002a, 2003a,b; Yao et al., 2005). Debonding may start from various loca-
tions such as the end of an FRP plate, a ﬂexural crack, a ﬂexural-shear crack, or a shear crack in ﬂex-
urally strengthened RC beams. Where debonding starts from a critical diagonal crack (CDC) (Mohamed
Ali et al., 2001, 2002; Oehler et al., 2003) or ﬂexural-shear crack, there exists a relative vertical displace-
ment between the two sides of the crack, leading to an angle between the debonded part of the FRP
plate and the concrete substrate. Another example where the debonded part of an FRP plate is pulled
at an angle to the substrate occurs in the debonding failure process of a curved structural member
strengthened with FRP, such as arches and tunnels strengthened with FRP on their intrados (e.g. Eshwar
et al., 2005; De Lorenzis et al., 2006). A similarity exists between these situations, where the tensile force
in the debonded part of the FRP plate is inclined from the substrate concrete surface, and a peel test
(Fig. 1a). Therefore, the results of this study are also expected to provide some insight into the behaviour
of intermediate ﬂexural-shear crack or shear crack induced debonding in ﬂexurally strengthened RC
members.2. The problem and assumptions
A thin plate bonded to a rigid substrate through an adhesive layer is shown in Fig. 1, where tp, b and l are
the thickness, width and length of the plate, respectively, while ta is the thickness of the adhesive layer. A load
P is applied at the right end of the plate at an angle a from the substrate (Fig. 1a). For convenience of pre-
sentation, the left end of the plate (x = 0) is termed the far end and the right end (x = l) the loaded end
hereafter.
The following assumptions are adopted in the analysis presented in this study:
(a) the problem is in a plane stress state;
(b) the thicknesses of the adhesive layer and the plate are small compared to the bond length;
(c) the adhesive layer and the plate are both linearly elastic;
(d) the stresses in the adhesive layer are constant across its thickness; and
(e) the substrate is rigid.
Assumption (d) is commonly adopted in interfacial stress analysis (Smith and Teng, 2001) and the pre-
dictions compare well with ﬁnite element results (Teng et al., 2002b) for the mid-adhesive section. If this
assumption is removed, then much more complicated solutions result, as has been done by Rabinvich
and Frostig (2000), Shen et al. (2001), Yang et al. (2004, 2007). The use of this simplifying assumption
allows a relatively simple solution to be obtained that still sheds considerable light on the interfacial
behaviour.
The assumption of a rigid substrate [Assumption (e)] limits the solution to situations where the defor-
mation of the substrate is insigniﬁcant compared to that of the adhesive layer and the thin plate. This
implies that the substrate has an elastic modulus much larger than that of the adhesive so that the shear
deformation of the substrate can be neglected, and a ﬂexural stiﬀness much larger than that of the thin
plate so that the bending deformation of the substrate can be neglected. This is generally the case for thin
FRP or steel plates bonded to concrete and metallic members.
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Equilibrium consideration of an inﬁnitesimal plate element gives the following equationsdN
dx
¼ bs ð1aÞ
dQ
dx
¼ br ð1bÞ
dM
dx
¼ Qþ btp
2
s ð1cÞwhere N, Q andM are the longitudinal membrane force, the transverse shear force and the bending moment in
the plate, and r and s are the normal and the shear stresses in the adhesive layer. The longitudinal strain at the
bottom surface of the plate is given byex ¼ du
dx
¼ 1
Ep
N
btp
þ 6 M
bt2p
 !
ð2Þin which Ep is the elastic modulus of the plate in the x direction and u is the longitudinal displacement at the
bottom surface of the plate. The relationship between the transverse deﬂection w and the moment in the plate
M can be expressed asd2w
dx2
¼  M
EpIp
ð3Þwhere Ip ¼ bt3p=12 is the second moment of area of the plate with respect to its own neutral axis.
Assuming that the normal strain ey and the shear strain cxy are constant across the thickness of the adhesive
layer, the normal and shear stresses in the adhesive layer can be obtained fromr ¼ Ea wta ð4aÞ
s ¼ Ga uta ð4bÞwhere Ea and Ga are the elastic and shear moduli of the adhesive.
Diﬀerentiating Eq. (4a) four times and Eq. (4b) three times and then substituting Eqs. (1)–(3) into the
resulting equations respectively, Eqs. (1)–(4) can be reduced to the following diﬀerential equations in terms
of r and s in the adhesive layerd3s
dx3
 a1 ds
dx
þ a2r ¼ 0 ð5aÞ
d4r
dx4
þ a3r a4 ds
dx
¼ 0 ð5bÞwherea1 ¼ 4GaEptpta ; a2 ¼
6Ga
Ept2pta
; a3 ¼ 12EaEpt3pta
; a4 ¼ 6EaEpt2pta
ð6ÞSubstituting Eq. (5a) into Eq. (5b) yieldsd7s
dx7
þ b5 d
5s
dx5
þ b3 d
3s
dx3
þ b1 ds
dx
¼ 0 ð7Þin whichb5 ¼ a1; b3 ¼ a3; b1 ¼ a2a4  a1a3 ð8Þ
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The boundary conditions for the plate areAt x ¼ 0 : N ¼ 0; Q ¼ 0; M ¼ 0 ð9Þ
At x ¼ l : N ¼ P cos a; Q ¼ P sin a; M ¼ 0 ð10ÞFrom Eqs. (1)–(4) and (6), the above boundary conditions can be reduced tods
dx
¼ 0 at x ¼ 0 ð11aÞ
ds
dx
¼ 1
4
 P
b
a1 cos a at x ¼ l ð11bÞZ l
0
sdx ¼ P
b
cos a ð11cÞ
d2r
dx2
¼ 0 at x ¼ 0 ð11dÞ
d2r
dx2
¼ 0 at x ¼ l ð11eÞ
d3r
dx3
¼ a4s at x ¼ 0 ð11fÞ
d3r
dx3
¼ a3 Pb sin aþ a4s at x ¼ l ð11gÞ5. Solution
The characteristic equation of Eq. (7) ism7 þ b5m5 þ b3m3 þ b1m ¼ 0 ð12Þ
Eq. (12) can be solved in closed-form. The seven roots of this algebraic equation arem ¼ 0; ðb ciÞ; k ð13Þ
where b, c and k are real. The general solution of Eq. (7) can be expressed ass ¼ C0 þ C1f1ðxÞ þ C2f2ðxÞ þ C3f3ðxÞ þ C4f4ðxÞ þ C5 sinh kxþ C6 cosh kx ð14Þ
in which Ci (i = 0, . . . , 6) are unknown constants and functions fi(x) (i = 1, . . . , 4) are deﬁned asf1ðxÞ ¼ sinhðbxÞ sinðcxÞ ð15aÞ
f2ðxÞ ¼ sinhðbxÞ cosðcxÞ ð15bÞ
f3ðxÞ ¼ coshðbxÞ sinðcxÞ ð15cÞ
f4ðxÞ ¼ coshðbxÞ cosðcxÞ ð15dÞThe integration and derivatives of fi(x) are shown in Appendix A. Substituting Eq. (14) into (5a) and using the
expressions in Appendix A yielda2r ¼ ð3b2cþ c3 þ a1cÞ½C1f2ðxÞ  C2f1ðxÞ þ C3f4ðxÞ  C4f3ðxÞ
þ ðb3 þ 3bc2 þ a1bÞ½C1f3ðxÞ þ C2f4ðxÞ þ C3f1ðxÞ þ C4f2ðxÞ
þ C5ðk3 þ a1kÞ cosh kxþ C6ðk3 þ a1kÞ sinh kx
ð16ÞThe constants Ci can be determined from the boundary conditions (Eqs. (11a)–(11g)). Substituting Eqs. (14)
and (16) into Eqs. (11a)–(11g) results in
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b
fBg ð17Þwhere½A ¼
0 0 A13 A14 0 A16 0
0 A22 A23 A24 A25 A26 A27
A31 A32 A33 A34 A35 A36 A37
0 0 A43 A44 0 A46 0
0 A52 A53 A54 A55 A56 A57
A61 A62 0 0 A65 0 A67
A71 A72 A73 A74 A75 A76 A77
2
666666666664
3
777777777775
; fBg ¼
0
B2
B3
0
0
0
B7
8>>>>>>><
>>>>>>:
9>>>>>>>=
>>>>>>;
; fCg ¼
C0
C1
C2
C3
C4
C5
C6
8>>>>>>><
>>>>>>:
9>>>>>>>=
>>>>>>;
ð18ÞThe non-zero elements of matrix [A] and vector {B} are given in Appendix B.
The solution procedure for a given problem is ﬁrst to ﬁnd the roots of Eq. (12) so that the values of b, c and
k are obtained. The linear simultaneous algebraic equations (Eq. (17)) are then solved to determine the
coeﬃcients Ci. The interfacial stresses in the adhesive layer s and r can ﬁnally be obtained from Eqs. (14)
and (16).
6. Approximate solution
In the above solution, explicit expressions for the interfacial stresses are not available. Results can only be
obtained through the numerical solution of the set of simultaneous linear algebraic equations (Eq. (17)), which
is rather tedious. Furthermore, the 7 · 7 matrix [A] approaches a singular state and numerical instability can
easily occur when the bond length considered is large due to the presence of hyperbolic functions. A two-stage
analysis procedure similar to that proposed by Roberts (1989) is employed here to derive an approximate
solution.
6.1. Stage I
It is assumed in this stage that the elastic modulus of the adhesive Ea is very large so that w = 0. Hence
M = 0 from Eq. (3). The normal interfacial stress r can be determined from Eqs. (1b) and (1c) as:r ¼ tp
2
ds
dx
ð19ÞSubstituting Eq. (2) into Eq. (1a) using Eq. (4b) and M = 0 givesd2s
dx2
 a1
4
s ¼ 0 ð20ÞThe general solution of Eq. (20) issð1Þ ¼ c1 sinh
ﬃﬃﬃﬃ
a1
p
x
2
 
þ c2 cosh
ﬃﬃﬃﬃ
a1
p
x
2
 
ð21ÞConstants c1 and c2 can be obtained using the boundary conditions (Eqs. (11a) and (11b))c1 ¼ 0; c2 ¼ P
ﬃﬃﬃﬃ
a1
p
cos a
2b sinh
ﬃﬃﬃ
a1
p
l
2
  ð22Þ
Substituting Eq. (22) into Eq. (21) givessð1Þ ¼ P
ﬃﬃﬃﬃ
a1
p
cos a
2b
 cosh
ﬃﬃﬃ
a1
p
x
2
sinh
ﬃﬃﬃ
a1
p
l
2
ð23Þ
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8b
 sinh
ﬃﬃﬃ
a1
p
x
2
sinh
ﬃﬃﬃ
a1
p
l
2
ð24Þ6.2. Stage II
From Eq. (1c), the Stage I solution implies that the shear force acting at the loaded end (x = l) of the plate
isQð1Þjx¼l ¼ 
1
2
btpsjx¼l ¼ 
Ptp
ﬃﬃﬃﬃ
a1
p
cos a
4
coth
ﬃﬃﬃﬃ
a1
p
l
2
 
ð25ÞHowever, the actual shear force acting at the plate end is P sina. Therefore, there exists an unbalanced shear
force at the loaded end at the end of Stage I:Qð2Þjx¼l ¼ P sin a Qð1Þjx¼l ð26Þ
The task of Stage II is to apply this unbalanced shear force to the plate so that equilibrium is satisﬁed.
An approximate solution for this problem can be obtained by treating the plate as a beam on an elastic
foundation possessing stiﬀness only in the transverse (normal) direction. The following diﬀerential equation
can be derived based on equilibrium consideration of a plate elementd4r
dx4
þ a3r ¼ 0 ð27ÞAssuming that the plate length l is suﬃciently large and the normal stress r approaches zero at locations suf-
ﬁciently far away from the loaded end, Eq. (27) has the solution ofrð2Þ ¼ e
ﬃﬃﬃ
a3
4
4
p
ðxlÞ c3 sin
ﬃﬃﬃﬃ
a3
4
4
r
ðx lÞ
 
þ c4 cos
ﬃﬃﬃﬃ
a3
4
4
r
ðx lÞ
  
ð28ÞThe boundary conditions are M = 0 at x = l and Q = Q(2)jx=l. These conditions may be transformed into the
following equations by substituting Eq. (4a) into Eq. (3) and substituting Eqs. (25) and (26) into Eq. (1c)
neglecting the shear stress term:d2r
dx2
¼ 0 at x ¼ l ð29aÞ
d3r
dx3
¼ Ptp
4b
a3
ﬃﬃﬃﬃ
a1
p
cos a P
b
a3 sin a at x ¼ l ð29bÞSubstituting Eq. (28) into Eq. (29) gives the constantsc3 ¼ 0; c4 ¼ P
4b
ﬃﬃﬃﬃ
a3
4
4
r
ð8 sin a 2tf ﬃﬃﬃﬃa1p cos aÞ ð30ÞSubstituting Eq. (30) into Eq. (28) gives the interfacial normal stressrð2Þ ¼ P
4b
ﬃﬃﬃﬃ
a3
4
4
r
ð8 sin a 2tf ﬃﬃﬃﬃa1p cos aÞe ﬃﬃﬃa344p ðxlÞ cos
ﬃﬃﬃﬃ
a3
4
4
r
ðx lÞ
 
ð31ÞThe inﬂuence of the second stage of the solution on the shear stress is generally small and can be neglected
when the peel angle is 0 as in Roberts (1989). This is not necessary the case when the peel angle is large,
so this inﬂuence is assessed in the last section of the paper.
The complete solution for the shear and normal stresses in the adhesive layer is obtained as follows by
superimposing the results from the ﬁrst and the second stages.
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ﬃﬃﬃﬃ
a1
p
cos a
2b

cosh
ﬃﬃﬃ
a1
p
x
2
 
sinh
ﬃﬃﬃ
a1
p
l
2
  ð32aÞ
r ¼ Pa1tp cos a
8b

sinh
ﬃﬃﬃ
a1
p
x
2
 
sinh
ﬃﬃﬃ
a1
p
l
2
  þ P
4b
ﬃﬃﬃﬃ
a3
4
4
r
ð8 sin a 2tp ﬃﬃﬃﬃa1p cos aÞe ﬃﬃﬃa344p ðxlÞ cos
ﬃﬃﬃﬃ
a3
4
4
r
ðx lÞ
 
ð32bÞThe stresses in the adhesive layer at the loaded end are obtained by substituting x = l into Eq. 32send ¼ P
ﬃﬃﬃﬃ
a1
p
cos a
2b
coth
ﬃﬃﬃﬃ
a1
p
l
2
 
 P cos a
2b
ﬃﬃﬃﬃ
a1
p ð33aÞ
rend ¼ Pa1tp cos a
8b
þ P
4b
ﬃﬃﬃﬃ
a3
4
4
r
ð8 sin a 2tp ﬃﬃﬃﬃa1p cos aÞ ð33bÞ0.00
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5256 H. Yuan et al. / International Journal of Solids and Structures 44 (2007) 5247–52717. Comparison with ﬁnite element predictions
An example peel test specimen is considered. It consists of a 1-mm thick plate bonded to a rigid substrate
through an adhesive layer. The elastic modulus of the plate is Ep = 1.4 · 105 MPa while the bond length is
50 mm. This small bond length is used because signiﬁcant interfacial stresses exist only in the vicinity of
the loaded end and that numerical instability of the solution can occur due to the presence of hyperbolic func-
tions in the solution if a larger bond length is used for such a thin plate. The latter is not a signiﬁcant concern
under the condition of the former. The adhesive layer has a thickness ta = 1 mm, an elastic modulus
Ea = 3 GPa and a shear modulus Ga = 1.11 GPa. The plate is subjected to a load P with an intensity of
1 N/mm (i.e. the total load P = 1.0 · b).
The problem was modelled using an 8-node plane stress element in the ﬁnite element analysis program
MSC.MARC. Meshes with square elements were adopted. The ﬁnite element results for the middle-thickness
section are used in the comparison to reach a meaningful conclusion based on the observation made by Teng
et al. (2002b). The fact that the problem can be analysed using a linear elastic ﬁnite element model does not
mean that the present analytical model is not needed. An analytical solution has several advantages such as
oﬀering direct insight into the eﬀects of diﬀerent parameters rather than through numerous numerical
analyses.-0.06
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Fig. 5. Eﬀect of peel angle on interfacial shear stress. (a) Peel angle aP 0. (b) Peel angle a 6 0.
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respectively. Fig. 2 shows the convergence of the peak stresses at the middle-thickness section of the adhesive
close to the loaded end. It is clear that an element size of 0.2 mm is suﬃciently small to yield converged results.
The results from this mesh are used in the following comparison.
In Fig. 3, the exact solution is compared with the FE predictions for two cases: peel angle a = 0 and 90. It
may be noted that solutions for all other peel angles can be obtained from a linear combination of these two
cases because the analysis is linear elastic. For the interfacial shear stress, the two analyses are in very close
agreement when a = 0 (Fig. 3a). When a = 90, there are signiﬁcant diﬀerences between the analytical solu-
tion and the ﬁnite element results. These diﬀerences are believed to be consequences of the following limita-
tions of the analytical solution: (a) the stress-free boundary condition at the end of the adhesive layer is not
satisﬁed by the analytical solution so it predicts the peak value at the free end, and (b) the stresses in the adhe-
sive layer are assumed to be constant across its thickness.
Given that the results for all other angles are combinations of the two cases, the discrepancy experienced for
a = 90 is expected to be the largest. The normal stresses from both solutions are in very close agreement for
both peel angles (Fig. 3b).-0.2
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Fig. 6. Eﬀect of peel angle on interfacial normal stress. (a) Peel angle aP 0. (b) Peel angle a 6 0.
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The eﬀects of the bond length, the thickness and the elastic modulus of the plate, the thickness and the elas-
tic modulus of the adhesive, and the peel angle on the interfacial stress distributions are investigated here using
the example peel test specimen as the reference case. Unless otherwise stated, the plate is assumed to be sub-
jected to a load of 1 N/mm with a = 30.
In the following discussion on trends and distributions of interfacial stresses, the words ‘‘decrease’’ and ‘‘in-
crease’’ are used in mathematical terms. That is, when a stress goes from a large negative value to a small posi-
tion value, this is described as an increase, although in terms of the absolute value (or magnitude) it is a
decrease. When the absolute value or the magnitude is being discussed instead, it should be clear from the text
that this is the case.8.1. Eﬀect of bond length on interfacial stresses
Fig. 4 shows the eﬀect of the plate bond length on interfacial stresses. Bond lengths of 20, 30, 40 and 50 mm
are considered. Clearly, the stresses near the loaded end are the most important and are signiﬁcant only within-0.10
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5260 H. Yuan et al. / International Journal of Solids and Structures 44 (2007) 5247–5271a small zone. It can be seen that the interfacial normal stress decreases rapidly with the distance from the load-
ed end and is almost the same near the loaded end for diﬀerent bond lengths. The interfacial shear stress near
the loaded end changes little with the bond length when it varies from 20 to 50 mm, which is in agreement with
the approximate solution (Eq. (33a)).
8.2. Eﬀect of peel angle on interfacial stresses
Fig. 5 shows the interfacial shear stress distributions for several peel angles. When a = 0, the interfacial
shear stress is largest at the loaded end and decreases smoothly towards the far end (Fig. 5a). When a increases
to 30, the shear stress is signiﬁcantly higher at the loaded end than when a = 0 but it decreases much faster
towards the far end. When a increases further to 60, the shear stress is slightly smaller at the loaded end than
that for a = 30 but it decreases even faster. When the load is vertical (a = 90), the shear stress is much small-
er at the loaded end. It changes sign at around 4 mm and reaches a minimum at about 6 mm from the loaded
end and then increases very slowly towards the far end. It should be noted that shear stresses are detrimental in
either direction. The area between the shear stress distribution curve for a = 90 and the x-axis equals to zero,
which is a necessary feature reﬂecting the horizontal equilibrium condition.-0.08
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Fig. 10. Interfacial normal stresses for small peel angles. (a) Peel angle aP 0. (b) Peel angle a 6 0.
0.00
0.03
0.06
0.09
0.12
0.15
01020304050
Distance from loaded end (mm)
M
ajo
r p
rin
cip
al 
str
ess
 (M
Pa
)
Peel angle = 0 deg
Peel angle = 2 deg
Peel angle = 4 deg
Peel angle = 6 deg
0.00
0.03
0.06
0.09
0.12
0.15
01020304050
Distance from loaded end (mm)
M
ajo
r p
rin
cip
al 
str
ess
 (M
Pa
)
Peel angle = 0 deg
Peel angle = -2 deg
Peel angle = -4 deg
Peel angle = -6 deg
a
b
Fig. 11. Major principal stress in the adhesive layer for small peel angles. (a) Peel angle aP 0. (b) Peel angle a 6 0.
-1.5
-1
-0.5
0
0.5
1
1.5
-90-75-60-45-30-150153045607590
Peel angle  (degree)
Pr
in
ci
pa
l s
tr
es
s (
M
Pa
)
Major principal stress
Minor principal stress
α
Fig. 12. Principal stresses in the adhesive layer at loaded end.
H. Yuan et al. / International Journal of Solids and Structures 44 (2007) 5247–5271 5261
5262 H. Yuan et al. / International Journal of Solids and Structures 44 (2007) 5247–5271When the peel angle is negative (Fig. 5b), the interfacial shear stress at the loaded end decreases as a
decreases and becomes negative when a = 60. For a given a < 0, the shear stress increases and reaches a
peak value at about 5 mm from the loaded end and then decreases towards the far end.
It may be noted that a negative peel angle cannot be easily implemented in a practical peel test. However,
negative angles do arise in the situation of an FRP plate bridging a ﬂexural-shear or shear crack, where the
relative vertical displacement between the two sides of the crack leads to a positive angle between the FRP
plate and the concrete substrate on one side and a negative angle on the other side (Fig. 2). For completeness,
the peel angle a is varied from 90 to 90 in this study.
The corresponding interfacial normal stress is shown in Fig. 6. The normal stress is small when a = 0
(Fig. 6a). For all values of a > 0, it decreases very fast from the loaded end and reaches its minimum at about
5 mm from the loaded end where the stress becomes compressive. This stress is almost zero at a distance of
around 10 mm and beyond from the loaded end. The highest stress appears at the loaded end and it increases
with a.
For a negative peel angle, the interfacial normal stress distribution (Fig. 6b) is approximately the same as
that for the corresponding positive peel angle except for a change in sign.-0.10
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H. Yuan et al. / International Journal of Solids and Structures 44 (2007) 5247–5271 5263Fig. 7 shows the eﬀect of the peel angle on the interfacial stresses at the loaded end. The shear stress increas-
es from 0.076 MPa at a = 90 to a peak value of 0.114 MPa at a  42 (Fig. 7a). Thereafter, it gradually
decreases to about 0.076 MPa at a = 90. The interfacial normal stress at the loaded end has the lowest and
highest values at about a = 88 and 92, respectively (Fig. 7b). It is approximately anti-symmetrical about
a  2. This small shift of the axis of anti-symmetry from 0 to 2 reﬂects the interaction between the inter-
facial shear and normal stresses.
The magnitude of the interfacial normal stress can be much larger than that of the interfacial shear stress if
the peel angle is signiﬁcant (Fig. 8). Even for a small peel angle, the magnitude of the interfacial normal stress
can still be signiﬁcant compared with that of the interfacial shear stress at the loaded end (Fig. 8). This could
have signiﬁcant implications for ﬂexural-shear crack induced debonding failure where the relative vertical dis-
placement between the sides of the crack leads to a small angle between the FRP plate and the concrete surface
in FRP strengthened RC beams. A more detailed investigation is presented below.8.3. Interfacial stresses for small peel angles
When the peel angle a varies from 6 to 6, its eﬀect on the interfacial shear stress distribution is very
limited and localised at the loaded end (Fig. 9). However, its eﬀect on the interfacial normal stress0.00
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5264 H. Yuan et al. / International Journal of Solids and Structures 44 (2007) 5247–5271distribution is very signiﬁcant as shown in Fig. 10. It may be noted that the shear stress reduces slightly and
the normal stress reduces very signiﬁcantly at the loaded end when the peel angle is changed from zero to a
small negative value. Both may be perceived as beneﬁcial, but it would be indeed wrong to conclude that a
small negative peel angle is beneﬁcial because the interfacial shear and normal stresses do not reﬂect the
complete stress state.
If the normal stress in the adhesive layer in the longitudinal direction is ignored as in the analysis, the prin-
cipal stresses in the adhesive can be deduced from the interfacial shear and normal stresses. Such deduced
major principal stress corresponding to Figs. 9 and 10 are shown in Fig. 11. It is seen that the major principal
stress at the loaded end increases quickly when a increases from zero to a small positive value (Fig. 11a). When
a changes from zero to a small negative value, the major principal stress also increases though not as signif-
icantly. Fig. 12 shows the eﬀect of the peel angle on the major and minor principal stresses at the loaded end. It
shows more clearly that both positive and negative peel angles have detrimental eﬀects. Although the present
linear elastic analysis does not directly reﬂect the failure load in such a test, this observation is in agreement
with test results that both positive and negative small loading angles in a simple pull test reduces the bond
strength (Yao et al., 2004).0.00
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Fig. 13 shows the eﬀect of the plate thickness on the interfacial stresses. As the plate thickness increases, the
interfacial shear stress decreases near the loaded end but increases near the far end (Fig. 13a). This means that
a greater part of the applied force is transferred to the substrate away from the loaded end as the plate stiﬀness
increases. Similarly, the peak value of the normal stress decreases but signiﬁcant values are experienced over a
wider portion of the bond length when the stiﬀness (thickness) of the plate increases (Fig. 13b). It may be not-
ed that the reductions in the peak stresses are not inversely proportional to the plate thickness. If the plate is
under a constant stress level, the peak interfacial stress values are higher for a thicker plate.
8.5. Eﬀect of elastic modulus of plate on interfacial stresses
Fig. 14 shows the interfacial stresses when the elastic modulus of the plate varies from 50 GPa (a value for
common GFRP) to 400 GPa (ultra high modulus CFRP). It is seen that the plate elastic modulus has a similar
eﬀect to the plate thickness: under the same applied load, a less stiﬀ plate results in higher interfacial stresses at
the loaded end because a greater part of the force is transferred to the substrate near the loaded end.0.00
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Fig. 16. Eﬀect of elastic modulus of adhesive on interfacial stresses (a = 30). (a) Shear stress. (b) Normal stress.
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Fig. 15 shows the eﬀect of the adhesive thickness on the interfacial stresses. It is seen that the increase of the
adhesive thickness has a similar eﬀect as the increase of the plate thickness in that (a) the interfacial shear
stress decreases near the loaded end but increases near the far end (Figs. 15a) and (b) the peak value of the
normal stress decreases (Fig. 15b). This is because a larger zone near the loaded area is mobilised to transfer
the force in the plate to the substrate when a thicker adhesive layer is used. One signiﬁcant diﬀerence from the
increase of plate thickness is that the reduction of the peak normal stress is much slower as the adhesive thick-
ness increases.8.7. Eﬀect of elastic modulus of adhesive on interfacial stresses
Fig. 16 shows the eﬀect of the elastic modulus of the adhesive Ea within the range of 0.1–30 GPa. The shear
modulus varies accordingly assuming a constant Poisson’s ratio of 0.35. Clearly the eﬀect of reducing the
elastic modulus of the adhesive is similar to that of increasing the thickness of the adhesive layer. Both lead0.00
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Fig. 17. Interfacial shear stresses predicted by exact and approximate solutions. (a) Peel angle a = 0. (b) Peel angle a = 30.
-0.05
-0.04
-0.03
-0.02
-0.01
0.00
0.01
01020304050
Distance from loaded end (mm)
N
or
m
al
 st
re
ss
 (M
Pa
) 
exact
approximate
-0.10
0.00
0.10
0.20
0.30
0.40
0.50
01020304050
Distance from loaded end (mm)
N
or
m
al
 st
re
ss
 (M
Pa
) 
exact
approximate
a
b
Fig. 18. Interfacial normal stresses predicted by exact and approximate solutions. (a) Peel angle a = 0. (b) Peel angle a = 30.
H. Yuan et al. / International Journal of Solids and Structures 44 (2007) 5247–5271 5267to smaller interfacial stresses near the loaded end, because a larger zone near the loaded end is mobilised to
transfer the force in the plate to the substrate.9. Accuracy of the approximate solution
Fig. 17 compares the interfacial shear stress distributions predicted by the exact solution and the approx-
imate solution, respectively, for the two cases of a = 0 and 30. The approximate solution yields shear
stresses which are only slightly diﬀerent from those from the exact solution for a = 0. When a = 30,
the approximate solution predicts a peak shear stress at the loaded end about 30% lower than that from
the exact solution. The two solutions yield interfacial normal stress distributions with no noticeable diﬀer-
ence (Fig. 18). It may therefore be concluded that the approximate solution is a very good approximation to
the exact solution.
10. Conclusions
This paper has presented an analytical solution for the interfacial stresses in a peel test in which a thin plate
is bonded to a rigid substrate through an adhesive layer and loaded with a pulling force at an angle to the
5268 H. Yuan et al. / International Journal of Solids and Structures 44 (2007) 5247–5271substrate (the peel angle) at the loaded end. It has also presented an approximate solution which gives explicit
expressions of the interfacial normal and shear stresses. The eﬀects of the peel angle and other parameters on
the interfacial stresses have been examined through a parametric study. The following conclusions may be
drawn based on the numerical results and discussions:
(1) The interfacial normal and shear stresses are very localised in the vicinity of the loaded end;
(2) The magnitude of the interfacial normal stress can be very signiﬁcant compared with that of the inter-
facial shear stress at the loaded end;
(3) The maximum interfacial normal stress always appears at the loaded end, but the maximum interfacial
shear stress may appear at the loaded end or at a small distance from the loaded end depending on the
value of the peel angle.
(4) The interfacial normal stress at the loaded end increases with the peel angle a within the practical range
of a values but the interfacial shear stress at the loaded end peaks at a  42 for the example studied.
(5) Both positive and negative peel angles of small values are detrimental because the major principal inter-
facial stress is increased in both cases.
(6) Interfacial stresses decrease with an increase in the FRP plate stiﬀness (an increase of either the thickness
or the elastic modulus) or with a decrease of the stiﬀness of the adhesive layer (a decrease of the elastic
modulus or increase of the thickness) for the same applied load.
(7) The approximate solution provides a good estimation of the interfacial stresses.Acknowledgements
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The integration and derivative of function fi(x) are as follows:ðb2 þ c2Þ
Z
f1ðxÞdx ¼ bf3ðxÞ  cf2ðxÞ ðA1aÞ
ðb2 þ c2Þ
Z
f2ðxÞdx ¼ bf4ðxÞ þ cf1ðxÞ ðA1bÞ
ðb2 þ c2Þ
Z
f3ðxÞdx ¼ bf1ðxÞ  cf4ðxÞ ðA1cÞ
ðb2 þ c2Þ
Z
f4ðxÞdx ¼ bf2ðxÞ þ cf3ðxÞ ðA1dÞ
f 01ðxÞ ¼ cf2ðxÞ þ bf3ðxÞ ðA2aÞ
f 02ðxÞ ¼ cf1ðxÞ þ bf4ðxÞ ðA2bÞ
f 03ðxÞ ¼ cf4ðxÞ þ bf1ðxÞ ðA2cÞ
f 04ðxÞ ¼ cf3ðxÞ þ bf2ðxÞ ðA2dÞ
f 001 ðxÞ ¼ ðb2  c2Þf1ðxÞ þ 2bcf4ðxÞ ðA3aÞ
f 002 ðxÞ ¼ ðb2  c2Þf2ðxÞ  2bcf3ðxÞ ðA3bÞ
f 003 ðxÞ ¼ ðb2  c2Þf3ðxÞ þ 2bcf2ðxÞ ðA3cÞ
f 004 ðxÞ ¼ ðb2  c2Þf4ðxÞ  2bcf1ðxÞ ðA3dÞ
H. Yuan et al. / International Journal of Solids and Structures 44 (2007) 5247–5271 5269f 0001 ðxÞ ¼ ð3b2c c3Þf2ðxÞ þ ðb3  3bc2Þf3ðxÞ ðA4aÞ
f 0002 ðxÞ ¼ ð3b2c c3Þf1ðxÞ þ ðb3  3bc2Þf4ðxÞ ðA4bÞ
f 0003 ðxÞ ¼ ð3b2c c3Þf4ðxÞ þ ðb3  3bc2Þf1ðxÞ ðA4cÞ
f 0004 ðxÞ ¼ ð3b2c c3Þf3ðxÞ þ ðb3  3bc2Þf2ðxÞ ðA4dÞAppendix B. Matrixes [A] and {B}
The non-zero elements of matrix [A] are:A13 ¼ b ðB1aÞ
A14 ¼ c ðB1bÞ
A16 ¼ k ðB1cÞ
A22 ¼ cf2ðlÞ þ bf3ðlÞ ðB2aÞ
A23 ¼ cf1ðlÞ þ bf4ðlÞ ðB2bÞ
A24 ¼ cf4ðlÞ þ bf1ðlÞ ðB2cÞ
A25 ¼ cf3ðlÞ þ bf2ðlÞ ðB2dÞ
A26 ¼ k cosh kl ðB2eÞ
A27 ¼ k sinh kl ðB2fÞ
A31 ¼ lðb2 þ c2Þ ðB3aÞ
A32 ¼ bf3ðlÞ  cf2ðlÞ ðB3bÞ
A33 ¼ bf4ðlÞ þ cf1ðlÞ  b ðB3cÞ
A34 ¼ bf1ðlÞ  cf4ðlÞ þ c ðB3dÞ
A35 ¼ bf2ðlÞ þ cf3ðlÞ ðB3eÞ
A36 ¼ k1ðb2 þ c2Þð1 cosh klÞ ðB3fÞ
A37 ¼ k1ðb2 þ c2Þ sinh kl ðB3gÞ
A43 ¼ g1ðb; cÞ ðB4aÞ
A44 ¼ g2ðb; cÞ ðB4bÞ
A46 ¼ k3ðk2 þ a1Þ ðB4cÞ
A52 ¼ g2ðb; cÞf2ðlÞ þ g1ðb; cÞf3ðlÞ ðB5aÞ
A53 ¼ g2ðb; cÞf1ðlÞ þ g1ðb; cÞf4ðlÞ ðB5bÞ
A54 ¼ g2ðb; cÞf4ðlÞ þ g1ðb; cÞf1ðlÞ ðB5cÞ
A55 ¼ g2ðb; cÞf3ðlÞ þ g1ðb; cÞf2ðlÞ ðB5dÞ
A56 ¼ k3ðk2 þ a1Þ cosh kl ðB5eÞ
A57 ¼ k3ðk2 þ a1Þ sinh kl ðB5fÞ
A61 ¼ a2a4 ðB6aÞ
A62 ¼ g3ðb; cÞ ðB6bÞ
A65 ¼ g4ðb; cÞ  a2a4 ðB6cÞ
A67 ¼ k4ðk2 þ a1Þ  a2a4 ðB6dÞ
5270 H. Yuan et al. / International Journal of Solids and Structures 44 (2007) 5247–5271A71 ¼ a2a4 ðB7aÞ
A72 ¼ ½g4ðb; cÞ  a2a4f1ðlÞ þ g3ðb; cÞf4ðlÞ ðB7bÞ
A73 ¼ ½g4ðb; cÞ  a2a4f2ðlÞ  g3ðb; cÞf3ðlÞ ðB7cÞ
A74 ¼ ½g4ðb; cÞ  a2a4f3ðlÞ þ g3ðb; cÞf2ðlÞ ðB7dÞ
A75 ¼ ½g4ðb; cÞ  a2a4f4ðlÞ  g3ðb; cÞf1ðlÞ ðB7eÞ
A76 ¼ ½k4ðk2 þ a1Þ  a2a4 sinh kl ðB7fÞ
A77 ¼ ½k4ðk2 þ a1Þ  a2a4 cosh kl ðB7gÞwhereg1ðb; cÞ ¼ 2bc2ð3b2  c2  a1Þ þ bðb2 þ 3c2 þ a1Þðb2  c2Þ ðB8aÞ
g2ðb; cÞ ¼ 2b2cðb2 þ 3c2 þ a1Þ þ cð3b2 þ c2 þ a1Þðb2  c2Þ ðB8bÞ
g3ðb; cÞ ¼ bcð3b2 þ c2 þ a1Þðb2  3c2Þ þ bcðb2 þ 3c2 þ a1Þð3b2  c2Þ ðB8cÞ
g4ðb; cÞ ¼ b2ðb2 þ 3c2 þ a1Þðb2  3c2Þ  c2ð3b2 þ c2 þ a1Þð3b2  c2Þ ðB8dÞThe non-zero elements of {B} are:B2 ¼ 1
4
a1 cos a ðB9aÞ
B3 ¼ ðb2 þ c2Þ cos a ðB9bÞ
B7 ¼ a2a3 sin a ðB9cÞReferences
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